Abelian p-ramification -Main definitions and notations
Let K be a totally real number field of degree d, and let p ≥ 2 be a prime number fulfilling the Leopoldt conjecture in K. We denote by Cℓ K the p-class group of K (ordinary sense) and by E K the group of p-principal global units ε ≡ 1 (mod p|p p) of K.
Let's recall from [9, 12] the diagram of the so called abelian p-ramification theory, in which K c = KQ c is the cyclotomic Z p -extension of K (as compositum with that of Q), H K the p-Hilbert class field and H But this requires some explanation: 2.1. The Siegel zeros. In fact, there is a possible ambiguity about the definitions and the role of the discriminant in a p-adic Brauer-Siegel frame.
Let K ∈ K real , let h K be its class number, R K,p its classical p-adic regulator, D K its discriminant; in [40, § 3] , Washington considers a sequence of such number fields K, fulfilling the condition
→ 0, and study the limit:
where v p denotes the p-adic valuation; thus the above condition implies that p must be "highly ramified" in the fields of the sequence, which eliminates for instance families of fields of constant degree d. So, with Washington's definition, K belongs in general to some towers of number fields (e.g., the cyclotomic one).
Washington shows examples and counterexamples of the p-adic Brauer-Siegel property
([40, Proposition 2 & Theorem 2]). In his Theorem 3,
he uses the formula of Coates [5, p. 364] , which implies lim inf
→ 0. We shall consider instead
, where log ∞ is the usual complex logarithm, or more precisely we shall study:
, for any K ∈ K real , then the existence of sup 2). However, there are some connections between the two definitions since the quantity v p (h K ·R K,p ) appears in each of them; only the measure of the order of magnitude differs for the analysis of sequences of fields. It is therefore not surprising to find, for instance in [36, 40, 41] , some allusions to the group T K . Let's finish these comments with a quote from Washington's paper illustrating the crucial fact that a great v p ( # T K ) is related to the existence of zeros, of the p-adic ζ-function, or of the L p -functions (see [36, 41, 42, 43] for complements about these zeros and for some numerical data):
In the proof of the classical Brauer-Siegel theorem, one needs the fact that there is at most one Siegel zero, that is, a zero close to 1. The fact that the BrauerSiegel theorem fails p-adically could be taken as further evidence for the abundance of p-adic zeroes near 1.
(· · · ) Finally, we remark that the possible existence of p-adic Siegel zeroes and the failure of results such as the p-adic Brauer-Siegel theorem indicate that it could be difficult, if not impossible, to do analytic number theory with p-adic L-functions. For example, I do not know how to obtain estimates on π(x), the number of primes less that or equal to x, using the fact that the p-adic zeta function has a pole at 1.
Remark 2.1. One may explain what appens as follows, for simplicity in the case of a real quadratic field K of character χ K :
Roughly speaking, v p (L p (1, χ K )) is closely related to v p ( # T K ) and v p (L p (0, χ K )) is closely related to v p (B 1 (ω −1 χ K )) (ω is the Teichmüller character and B 1 (ω −1 χ K ) the generalized Bernoulli number of character ω −1 χ K ), which is closely related to the order of a suitable component of the p-class group of the "mirror field K * " (e.g., for p = 3 and K = Q( √ m), K * = Q( √ −3 m)); but since ω −1 χ K is odd, no unit intervenes and v p (L p (0, χ K )) is usually "small" compared to v p ( # T K ) assumed to be "very large" (e.g., m = 150094635296999122 giving v 3 ( # T K ) = 19 but v 3 ( # Cℓ K * ) = 1). Thus, there exist in general "Siegel zeros" of L p (s, χ K ), i.e., very close to 1, which is an obstruction to a Brauer-Siegel strategy (see numerical illustrations for p = 2, 3 in [41, 42, 43] ).
Consequently we will adopt another point of view. Let K ∈ K real and let p ≥ 2 be any fixed prime number. As we have recalled it, # T K is in close relationship with padic L-functions (at s = 1) of even Dirichlet characters in the abelian case (KubotaLeopoldt, Barsky, Amice-Fresnel,...), or more generally with the residue at s = 1 of the p-adic ζ-function of K, built or study by many authors (Coates, Shintani, Barsky, Serre, Cassou-Noguès, Deligne-Ribet, Katz, Colmez,...). Conversely, there is no algebraic invariant (like a Galois group) interpreting the residue of the complex ζ-function, but we have in this (archimedean) case numerous inequalities. So, we shall compare the complex and p-adic cases to try to unify the set of all the points of view. For this, we define normalizations of the ζ-functions of a totally real number field (from [5, 6] , then [12] for the regulators).
Definitions and normalizations.
Let K ∈ K real be of degree d and let: P := {p ∞ , 2, 3, . . . , p, . . .} be the set of places of Q, including the infinite place p ∞ (we also use the symbol ∞ for real or complex functions, like log-function, in the same logic as for p-adic ones; for instance, R K,∞ and R K,p shall be the usual regulators built with log ∞ and log p , respectively). We shall use, for any place v ∈ P, subscripts (•) K,v for all invariants considered; when the context is clear, we omit v (p-adic in most cases).
v-Cyclotomic extensions and v-conductors.
The p-cyclotomic Z pextension is denoted Q c,p and we introduce Q c,p∞ := Q as the "p ∞ -cyclotomic extension". We put Q c,v =: Q c for any v ∈ P if there is no ambiguity. We attribute to the field Q the "v-conductor" f Q,v := p (resp. 4, 2) if v = p = 2 (resp. 2, p ∞ ). We shall put ∼ for equalities up to a p-adic unit.
2.2.2.
Normalized ζ-functions at p ∞ . We define at the infinite place p ∞ :
, s ∈ C (see [9, Remark III.2.6.5 (ii)] for justifications about the factor Then consider, with a perfect analogy with the p-adic case:
The factor
is by definition the normalized regulator R K,p∞ for v = p∞, using the normalized log-function 1 2 · log ∞ instead of log ∞ ; from [1] , it is defined without ambiguity.
Let κ K,p∞ be the residue at s = 1 of ζ K,p∞ (s). From the so-called complex "analytic formula of the class number" of K (see, e.g., [39, Chap. 4 ]), we get:
2.2.3.
Normalized ζ p -functions at v = p. We define at a finite place p: [5, 6, 34] , the residue of ζ K,p (s) at
, we get the normalized p-adic residue:
4 for the abelian case). So, the residues of the normalized ζ v -functions of K are, for all v ∈ P, such that:
which is the order of an arithmetical invariant for finite places v = p and the measure of a real volume for v = p ∞ (see the last footnote).
2.3.
Abelian complex L-functions -Upper bounds. In the abelian case:
where χ goes through all the corresponding Dirichlet characters of K with conductor f χ , and where L p∞ denotes the complex L-function. If K = Q( √ m), of fundamental unit ε K and quadratic character χ K , one gets:
For each L p∞ (1, χ) one has many upper bounds which are improvements of the classical inequality
In [32, Corollaire 1] one has, for even primitive characters:
giving from the previous definition (2.2) and formula (2.6):
with an explicit constant C p∞ if K runs trough the set of real abelian fields such
→ 0, for instance in the simplest form of Brauer-Siegel theorem.
We shall give numerical complements in Subsection 7.2 by means of computations of lower and upper bounds of:
(see Definition 7.1).
Thus, the factor W K,p∞ does exist as in the p-adic case. The invariant T K,p∞ is related to the Arakelov class group of K (see [33] and its bibliography), which gives the best interpretation.
Remark 2.2. For the sequel, we do not need any sophisticated upper bound (only the existence of C p∞ ), but one may refer to [18, 26, 27, 30, 32] for other inequalities; for instance, one gets, for real abelian fields K of degree d, with our notations:
, thus in the cases d = 2 and d = 3:
respectively. In the quadratic and cubic cases one shows that: 
The "p-adic class number formula" for real abelian fields uses the formula of [5] :
But no upper bound of the p-adic valuation of this residue is known. So we must, on the contrary, try to study directely # T K,p with arithmetic tools.
2.5. Arithmetical study of κ K,p . To study this residue, consider (2.9) giving
where e p is the ramification index of p in K/Q [9, Theorem III. 
which is unpredictible and more complicate if p ramifies in K or if p = 2.
In the non-ramified case for p = 2, it is given by the classical detrminant provided that one replaces log p by the "normalized logarithm"
(ii) For p = 2, the good definition of the δ 2 -function is
(iii) The existence of an upper bound for v p (
would be equivalent to an estimation of the order of magnitude of δ p (η K ) for the cyclotomic number
, where ζ DK is a primitive D K th root of unity (interpretation of the class number formula via cyclotomic units). The study given in [10, Théorème 1.1], and applied to the number ξ = 1 − ζ DK , suggests that if p → ∞, the probability of δ p (η K ) ≥ 1 for the χ K -component η K Z = ξ eχ K , of the Galois module generated by ξ, tends to 0 at least as O(1) · p −1 and conjecturaly as p −(log(log(p))/log(c0(η K ))−O(1)) , where c 0 (η K ) = |η K | > 1; this does not apply to small p. This explains the specific difficulties of the p-adic case, which is not surprising since the study of v p ( # T K ) represents a refinement of Leopoldt's conjecture.
We intend to give estimations of v p ( # T K ) (p fixed) related to the discriminant D K when K varies in a family K ⊆ K real (as in [38] , we call family of number fields any infinite set of non-isomorphic number fields K; thus, the condition D K → ∞ makes sense in K). In a numerical point of view, we shall analyse the set K (2) real of real quadratic fields and the subset K
real (totally real cubic fields), of cyclic cubic fields of conductor f , described by the polynomials (see, e.g., [7] ): (2.11)
, if 3 ∤ f ,
where f =
. Some non-cyclic cubic fields will also be considered.
In the forthcoming Sections, we deal only with finite places p; so we simplify some notation in an obvious way.
Direct calculation of
The programs shall try to verify a p-adic analogue of the relation (2.7), for quadratic and cubic fields; for each fixed p, they shall give the successive minima of the expression ∆ p (K) :=
− v p ( # T K ) and the successive maxima of:
, when D K increases in the selected family K. It seems that a first minimum of ∆ p (K) (on an interval I for D K ) is rapidely obtained and is negative of small absolute value, giving C p (K) > 1; whence the interest of the computation of C p (K) and the question of the existence of
We shall observe that sup D<x (C p (K)) increases and stabilizes rapidely, for a rather small D 0 ; this means that C p (K) is locally decreasing for D K ≫ D 0 , whence the interest of calculating C p (K) for discriminants as large as possible to expect the existence of lim sup K∈K (C p (K)) of a different nature (see the very instructive example discussed in the § 4.2.3 (i)).
We shall adapt the following PARI program [13, § 3.2] (testing the p-rationality of any number field K), that we recall for the convenience of the reader (for this, choose any monic irreducible polynomial P and any prime p; the program gives in S the signature (r 1 , r 2 ) of K, then r := r 2 + 1; recall that from K = bnf init(P, 1), one gets D K = component(component(K, 7), 3) and that from C8 = component(K, 8), the structure of the class group, the regulator and a fundamental system of units are given by component(C8, 1), component(C8, 2), and component(C8, 5), respectively; whence the class number given by h K = component(component (C8, 1), 1) ):
{P=x^6-123*x^2+1;p=3;K=bnfinit(P,1);n=2;if(p==2,n=3);Kpn=bnrinit(K,p^n); S=component(component(Kpn,1),7);r=component(component(S,2),2)+1; print(p,"-rank of the compositum of the Z_",p,"-extensions: ",r); Hpn=component(component(Kpn,5),2);L=listcreate;e=component(matsize(Hpn),2); R=0;for(k=1,e,c=component(Hpn,e-k+1);if(Mod(c,p)==0,R=R+1; listinsert(L,p^valuation(c,p),1))); print("Structure of the ",p,"-ray class group:",L); if(R>r,print("rk(T)=",R-r," K is not ",p,"-rational")); if(R==r,print("rk(T)=",0," K is ",p,"-rational"))} 3-rank of the compositum of the Z_3-extensions: 2 Structure of the 3-ray class group: List([9, 9, 9]) rk(T)=1 K is not 3-rational
is the ray class field of modulus (p n ) for any n ≥ 0, are given by the following simplest program (in which n = 0 gives the structure of the p-class group):
{P=x^2-2*3*5*7*11*13*17;K=bnfinit(P,1);p=2;n=18;Kpn=bnrinit(K,p^n); Hpn=component(component(Kpn,5),2);L=listcreate;e=component(matsize(Hpn),2); for(k=1,e,c=component(Hpn,e-k+1
For n = 0 one gets Cℓ K ≃ [2, 2, 2, 2, 2]. Taking n large enough in the program allows us to compute directely the structure of T K as is done by a precise (but longer) program in [31] . This gives the p-valuation in vptor of # T K as rapidely as possible; for this, explain some details about PARI (from [29] ).
Let K ∈ K real be linearly disjoint from Q c ; let K(p n ) be the ray class field of modulus (p n ), n ≥ 2 (resp. n ≥ 3) if p = 2 (resp. p = 2); indeed, from [13, Theorem 2.1], these conditions on n are sufficient to give the p-rank t K =: t of T K . Thus, for n large enough, the p-structure of Gal(
, where p a is the largest component given in Hpn (whence the first one in the list, under the condition n ≫ max(a 1 , . . . , a t )); so we have only to verify that p n is much larger than the exponent max(p a1 , . . . , p at ) of T K .
In practice, and to obtain fast programs, we must look at the order of magnitude of the results to increase n if necessary; in fact, once the part K = bnf init(P, 1) of the program is completed, a large value of n does not significantly increase the execution time. For instance, with P = x 2 − 4194305 and p = 2, one gets the successive structures for 2 ≤ n ≤ 16: showing that n must be at least 13 to give T K ≃ Z/2 11 Z × Z/2Z. In the forthcomming numerical results, if any doubt occurs for a specific field, it is sufficient to use the previous program with bigger n.
Numerical investigations for real quadratic fields
, and we are mainely concerned with the p-class group Cℓ K and the normalized regulator R K . When p > 2 is unramified, we have v p ( # R K ) = δ p (ε) for the fundamental unit ε of K and if
where f is the residue degree of 2 in K (see Remarks 2.3 (i), (ii)). So, we may compute
and we shall compare with the direct computation of the structure of T K as explain above. Remark that, for p = 2,
We have the following result, about v p ( # R K ), when p ≥ 2 ramifies:
is given as follows: Proof. Exercise using the expression (2.10) of # R K where N K/Q (U K ) is of index 2 in U Q (local class field theory), the fact that N K/Q (ε) = ±1 (i.e., Tr K/Q (log p (ε)) = 0), and the classical computation of a p-adic logarithm.
Remark 4.2. A first information is then the order of magnitude of δ p (ε) as D K → ∞ (p fixed). Its non-nullity for p ≫ 0 (K fixed) is a deep problem for which we can only give some numerical experiments. For p ≫ 0 and any K ∈ K real , an extensive schedule is discussed in [10] , for the study of p-adic regulators of an algebraic number η ∈ K × (giving "Frobenius determinants"), whose properties are characterized by the Galois Z p -module generated by its "Fermat quotient"
These questions, applied in our study to a "Minkowski unit", are probably the explanation of the failure of the classical p-adic analysis of ζ p -functions (among many other subjects in number theory) since such Fermat quotients problems are neither easier nor more difficult than, for instance, the famous problem of Fermat quotients of the number 2, for which no one is able to say, so far, how much p are such that
Consider a prime p fixed and the family K
real . The following programs find the successive maxima of δ p (ε) with the corresponding increasing D K ∈ [bD, BD]; the programs use the fact that for p unramified, in the inert case,
We shall indicate if necessary the maximal value obtained for 
The next discriminant in [5 ·10 
2840, whence the influence of genera theory on C 2 (K). 
4.1.4.
Programs for p = 3 ramified. We obtain (cf. Proposition 4.1 (ii)):
4.1.5. Program for any ramified p > 3. Let's illustrate this case with a large p:
For large p (ramified or not) there are few solutions in a reasonable interval since we have, roughly speaking, Prob δ p (ε) ≥ δ ≈ p −δ , otherwise, the solutions are often with δ p (ε) = 1, large D K , C p (K) being rather small as we shall analyse now.
4.2.
Experiments for a conjectural upper bound -Quadratic fields. We only assume K = Q( √ 2) when p = 2 to always have K ∩ Q c = Q. We have given previously programs for the maximal values of v p ( # R K ); we now give the behaviour of the whole v p ( # T K ) for increasing discriminants; for this purpose, we compute:
for this choose n large enough), the successive ∆ p (K) (in Ymin) and the corresponding C p (K) (in Cp); we omit the 2-rational fields (for them, vptor = 0): The larger computations in § 4.1.1 show the largest case D K = 214203013 with h K = 2 and δ 2 (ε) = 26, giving ∆ 2 (K) ≈ −13.1628, the best local minimum and gives C 2 (K) = 1.951261. For the ramified case 
≈ 1.8520, which is significant of the evolution of
The same program with p = 3, n > 18, taking discriminants, D K ∈ [10 6 , 2. The case D K = 21242636 leads to C 3 (K) = 2.0837; but it is difficult to predict the behavior of C 3 at infinity. In the second part, no data between the two discriminants, which suggests an irregular decreasing of
Remark 4.3. From these calculations in the quadratic case, one may consider, in an heuristic framework, that we have the good following lower bounds for C p :
Remarks and Heuristics
real be the family of real quadratic fields; we consider C p (K) and try to understand its behavior regarding p and D K : 
p0 ≥ 7.5855. The following program can be used for huge values of p to find quadratic fields K such that v p ( # R K ) ≥ 1; in practice one never finds v p ( # R K ) ≥ 2 for "usual" discriminants. However, for these solutions, one must compute v p ( # T K ) with the classical program of Section 3 to be sure of the result (we treat separately the case p 0 | D K ). Thus we notice, as expected, a significant decrease of the function C p0 (K) since we did not find any
, knowing that other quadratic fields with arbitrary v p0 ( # T K ) exist with huge discriminants, as: We then have the following alternative: either C p0 (K)
real . The most credible case should be that, for each p, there exist finitely many K ∈ K
real , we would have C p (K) ≪ 1 (and often 0 as explained in (iii)), except for some critical infinite families for which C p (K)
(ii) The existence of C p (over K real ) essentially depends on v p ( # R K ) since the influence of v p ( # Cℓ c K ) seems negligible, which is reinforced by classical heuristics on class groups [3, 4] , or by specific results in suitable towers [38, Proposition 7.1], then, mainely, by strong conjectures (and partial proofs) in [8] 
for any number field of degree d, i.e., for all ǫ > 0 the existence of C ǫ,p,d such that:
strengthening the classical Brauer theorem (existence of an universal constant C 0 such that, log ∞ (h K ) ≤ C 0 · log ∞ ( |D K |) for all number field K); for quadratic and cyclic cubic fields, C 0 = 1 (Remark 2.2).
(iii) For any fixed p, lim inf
where a lower boud of the density of p-rational fields is given for p > 3). Indeed, as D K → ∞, statistically, "almost all" real quadratic fields K are such that # T K = 1.
(iv) Now, if K is fixed and p → ∞, lim inf p (C p (K)) = 0. One may see this as an unproved generalization, for v p ( # R K ), of theorems of Silverman [35] , GravesMurty [17] and others about Fermat quotients of rationals, showing the considerable difficulties of such subjects, despite the numerical obviousness since in practice, "for almost all p", v p ( # T K ) = 0. We have conjectured, after numerous calculations and heuristics, that, for K ∈ K real fixed, the set of primes p, such that T K = 1, is finite [10, Conjecture 8.11], i.e., C p (K) = 0 for all p ≫ 0; otherwise lim sup
If this conjecture is false for the field K, there exists an infinite set of prime numbers
arbitrary large as i → ∞.
But this is not incompatible with the existence, for each i, of C pi < ∞; indeed, in that case, C pi (K) may be very large with decreasing values of the C pi (K ′ ), for
real , by the example given in (i). If, on the contrary, the conjecture is true over K (2) real (or more generaly over K real ), for each fixed non-p-rational field K, let p K = sup TK,p =1 (p); then it will be interesting to have a great lot of C p K (K), which is of course non-effective.
4.3.
A special family of quadratic fields. Consider, for p fixed, the field:
assuming that m := a 2 · p 2ρ + 1 is a squarefree integer, its fondamental unit is ε K = a · p ρ + √ m and D K = m (for a·p even) or 4 m (for a · p odd); the case of m = a 2 ·p 2ρ + 4 would be similar. From the formula (2.8), we have
and an upper bound being a · p ρ , this allows to get
log ∞ (p) to take into account the possible (incredible) case where h K is a maximal pth power. As δ p (ε K ) + v 2 ( # W K ) = ρ − 1 for these fields, it follows:
Thus, since
log ∞ (p) , we have proved, in this particular case, that:
We shall assume the conjecture that, for all p, m := a 2 · p 2ρ + 1 is squarefree 2 for infinitely many integers ρ ≥ 2. Whence the partial result:
real be the family of real quadratic fields and let:
real and p ≥ 2.
Then, under the above conjecture on m := a 2 · p 2ρ + 1, ρ ≥ 2, one has, for each fixed p, C p (K) ∈ [0, 2[ for an infinite subset of K (2) real . Moreover, if we consider the estimation of v p ( # Cℓ K ) largely excessive, as explained in the § 4.2.3 (ii), one may conjecture that, for the above family of fields K = Q( a 2 · p 2ρ + 1), ρ ≥ 2, one has:
and the statement of the theorem becomes:
For each p ≥ 2, C p (K) is asymptotically equal to 1 for an infinite subset of K (2) real . Indeed, v p ( # T K ) (in vptor) and v p ( # Cℓ K ) (in vph) are given by the following program, to illustrate the relation
We vary p and ρ in intervals such that, for instance, log ∞ (m) < 40 (just choose a, n large enough, and copy and paste the program to get complete tables): ; vph=valuation(h,p); print("p=",p," m=",m," rho=",rho," vptor=",vptor," Cp=",Cp," vph=",vph)))} 
, K is unramified at 2 giving a maximal C p (K) = 1.2222222215... (for a = 1, p = 3, ρ = 9, vptor = 11, vph = 3): One sees, from these excerpts, the weak influence of vph = v p (Cℓ K ) giving very few C p (K) = 1 + o (1) . Larger values of a, p, yields the same kind of results. 
be very small (the program deals only with non-squarefree integers m):
{B=60;for(a=1,18,forprime(p=2,19,for(rho=1,B/(2*log(p)),m=a^2*p^(2*rho)+1; n=rho+6;if(core(m)!=m,P=x^2-m;K=bnfinit(P,1);D=component(component(K,7),3); Kpn=bnrinit(K,p^n);C5=component(Kpn,5);Hpn0=component(C5,1); Hpn=component(C5,2);Hpn1=component(Hpn,1);vptor=valuation(Hpn0/Hpn1,p); Cp=vptor*log(p)/log(sqrt(D)); print("a=",a," p=",p," m=",m," rho=",rho," vptor=",vptor," Cp=",Cp)))))} Then the biggest C p (K) are for trivial cases (m = 5 2 ·41 and m = 250001 = 53 2 ·89):
4.4. Reciprocal study. We fix p ≥ 2, ρ ≥ 2, and we try to build units of the form
, where X, Y ∈ Z and where m is a squarefree integer. It is not necessary to consider the case
, X and Y of same parity for m ≡ 1 (mod 4), since this only concerns the cases p = 2 (in which case this can modify ρ into ρ − 1) and p = 3 (since any cube of unit is of the suitable form and this also modifies the choice of ρ).
In K = Q( √ m), η may be a p-power of the fundamental unit ε K , but this goes in the good direction to get an upper bound of
Proof. We have N K/Q (η) = ±1 if and only if:
which is equivalent (since −1 is absurd for ρ ≥ 2) to 2
So, we shall fix ρ large enough, increase a in some interval and write a·(2+p 2ρ ·a) (resp. a · (1 + 2 2ρ · a)) under the form m · b 2 , m sqarefree. We then compute the successive minima of D K for K = Q( √ m), to try to get maximal values for C p (K):
{p=3;rho=21;n=rho+6;ba=10^8+1;Ba=2*10^8;pp=p^(2*rho);Dmin=10^100;d=2; if(p==2,d=1);for(a=ba,Ba,B=a*(d+pp*a);m=core ( which corresponds to a too small discriminant since the stabilisation of C p (K) seems better and better as soon as Same remarks as for the case p = 3; despite genera theory, it seems that C p (K) remains close to 1 and is not increasing substantially in the process.
Numerical investigations for cyclic cubic fields
For the computations in the set K (3) ab of cyclic cubic fields, we shall use the direct calculation of # T K from the program testing the p-rationality, taking n large enough.
See [22] for statistics on v p (R K,p ) = v p ( # R K ) + 2 (resp. v p ( # R K ) + 1) in the non-ramified (resp. ramified) case for cyclic cubic fields of conductors up to 10 8 ; this gives, for cubic fields, the analogue of the computation of δ p (ε) for quadratic fields in Subsection 4.1.
Note that, due to Galois action, the integers v p ( # T K ) are even if p ≡ 2 (mod 3) and arbitrary if not (same remark for v p ( # Cℓ K ) and
The program uses the well-known classification of cyclic cubic fields [7] with conductor f K ≤ Bf (see the formulas 2.11 giving the corresponding polynomials defining K), and processes as for the quadratic case. We give first the case p = 3 to see the influence of genera theory; we compute the successive maxima of v p ( # T K ) (in vptor) with the corresponding f K and the polynomial defining the field of conductor f K . We print in the first line the maximal value obtained for C p (K) in the selected interval.
Recall that ,9) ==3,a=-a);P=x^3-f/3*x-f*a/27); K=bnfinit(P,1);Kpn=bnrinit(K,p^n);C5=component(Kpn,5);Hpn0=component(C5,1); Hpn=component(C5,2);Hpn1=component(Hpn,1); vptor=valuation(Hpn0/Hpn1,p);Cp=vptor*log(p)/log(f); if(vptor>Max,Max=vptor;print("f=",f," vptor=",vptor," P=",P," Cp=",Cp)))))} p=3 5.2. Experiments for a conjectural upper bound -Cubic fields. In the same way as for quadratic fields, we give, for each prime p, the successive minima of
(in Cp), obtained for some polynomial P and the corresponding conductor f K : ,9) ==3,a=-a);P=x^3-f/3*x-f*a/27); K=bnfinit(P,1);Kpn=bnrinit(K,p^n);C5=component(Kpn,5);Hpn0=component(C5,1); Hpn=component(C5,2);Hpn1=component(Hpn,1);vptor=valuation(Hpn0/Hpn1,p); Y=log(f)/log(p)-vptor;if(Y<ymin,ymin=Y;print(P);Cp=vptor*log(p)/log(f); print("f=",f," vptor=",vptor," Ymin=",Y," Cp=",Cp))))))}
The first minimum occurs for f := f K = 7 and vptor := v p ( # T K ) = 0; we omit these cases of p-rationality. For some p, we have been obliged to consider larger conductors f to get significant solutions, especially for p = 11 for which the first non-trivial example is for f = 5000059 and P = x 3 + x 2 − 1666686 x − 408523339. 
Examples of non-Galois totally real number fields
We shall consider (non necessarily Galois) cubic fields, with an approach using randomness. The tested polynomials of dgree 3 define almost always Galois groups isomorphic to S 3 . It is more difficult to find non-p-rational fields for large p and to obtain a lower bound of C 5 ]. It tests the irreducibility of P and that D K > 0 (real roots). We give only the non-p-rational cases for which one prints the corresponding C p (K). 33) and is defined by the polynomial:
(ii) For p = 5 and P = x 3 + 197 7.1. p-adic statements. The numerical results (quadratic and cubic cases, with the particular family of quadratic fields studied in Subsections 4.2, 4.3, 4.4) suggest the following conjecture that we state in its strongest form; we shall discuss about some conditions of application of such a conjecture, for instance assuming that the fields K are of given degree or are elements of specified families.
The points (i) and (ii) are equivalent statements:
Conjecture 7.1. Let K ∈ K real (or any element of a specified family K ⊆ K real ), and let p ≥ 2 be a prime number. Let T K be the torsion group of the Galois group of the maximal abelian p-ramified pro-p-extension of K (under Leopoldt's conjecture).
(i) There exists a constant C p (K) =: C p , independent of K ∈ K, such that:
, is conjecturaly such that:
, for all K ∈ K.
We may propose the following conjecture which takes into account the numerical behaviour of the C p (K) that we have observed; but unfortunately, this would need inaccessible computations to be more convincing: Conjecture 7.2. Let K real be the set of all totally real number fields and let p ≥ 2 be any fixed prime number. Then lim sup 
, where χ runs trough the set of irreducible rational characters of Gal(K/Q) (a set which is in bijection with that of cyclic subfields of K), e χ being the corresponding idempotent; then T eχ K is isomorphic to a submodule of T kχ , where k χ (cyclic) is the subfield of K fixed by the kernel of χ, and
We have:
the theorem follows with a constant C ′ p , depending on the maximal number of cyclic subfields for elements of the set K (d) ab , which may be explicited. Let's illustrate this by means of random real biquadratic fields K for which we compute the invariants of K and its subfields (then vptor = v1 + v2 + v3 for p = 2): {p=3;n=18;N=2*10^2;B=10^6;vmax=0;for(j=1,B,m1=random(N)+1;m2=random(N)+1; P1=x^2-m1;P2=x^2-m2;P3=x^2-m1*m2;P=component(polcompositum(P1,P2),1); if(poldegree(P)!=4,next);D1=nfdisc(P1);D2=nfdisc(P2);D3=nfdisc(P3);D=nfdisc(P); K1=bnfinit(P1,1);Kpn=bnrinit(K1,p^n);C5=component(Kpn,5);Hpn0=component(C5,1); Hpn=component(C5,2);Hpn1=component(Hpn,1);v1=valuation(Hpn0/Hpn1,p); K2=bnfinit(P2,1);Kpn=bnrinit(K2,p^n);C5=component(Kpn,5);Hpn0=component(C5,1); Hpn=component(C5,2);Hpn1=component(Hpn,1);v2=valuation(Hpn0/Hpn1,p); K3=bnfinit(P3,1);Kpn=bnrinit(K3,p^n);C5=component(Kpn,5);Hpn0=component(C5,1); Hpn=component(C5,2);Hpn1=component(Hpn,1);v3=valuation(Hpn0/Hpn1,p); K=bnfinit(P,1);Kpn=bnrinit(K,p^n);C5=component(Kpn,5);Hpn0=component(C5,1); Hpn=component(C5,2);Hpn1=component(Hpn,1);vptor=valuation(Hpn0/Hpn1,p); Cp1=v1*log(p)/log(sqrt(D1));Cp2=v2*log(p)/log(sqrt(D2)); Cp3=v3*log(p)/log(sqrt(D3));Cp=vptor*log(p)/log(sqrt(D)); if(vptor>vmax,vmax=vptor;print(D1," ",D2," ",D3," ",D," ", v1," ",v2," ",v3," ",vptor," ",Cp1," ",Cp2," ",Cp3," ",Cp)))} For two random discriminants of quadratic fields, taken up to 2 · 10 2 , the program did not find any
(obvious for the biquadratic case). It is likely that the compositum K of two fields 
.
We shall consider the following normalized quotient BS K = BS K −1 using # T K,p∞ instead of h K · R K,∞ :
, K ∈ K (from formula (2.2)), and presume that this function is bounded over K. When the degree is constant in the family, the classical Brauer-Siegel theorem applies since
The following program gives, for the family K In the same way, the family K , giving, from the expression (7.1) of BS K , log ∞ ( # T K,p∞ ) = BS K · log ∞ ( √ D K ); thus we obtain about the above calculations for the examples of fixed families K:
giving, in some sense, the inequality of the p-adic Conjecture 7.1 with the audacious convention for the infinite place p ∞ and
in which case, the constant C p∞ is the maximal value reached by BS K = BS K − 1 over the given family K.
(ii) One may wonder about the differences of behaviour and properties between C p∞ (K) and C p (K), as D K → ∞, because of the choosen normalizations and the role of the discriminant in the definitions. The only change could be to define: But the comparison must take into account the difference of nature of the sets of values of the functions C p∞ and C p :
The first one takes its values in an explicitely bounded interval of R, containing 0, given by the Brauer-Siegel-Tsfasman-Vladȗţ-Zykin results:
, while the second one takes its values in a discrete set of the form:
, so that v p∞ ( # T K,∞ ) = log ∞ ( # T K,∞ ) is never 0 (except if K = Q) while v p ( # T K,p ) is equal to 0 for infinitely many fields K, probably with a positive density which increases significantly as p → ∞; but, symmetrically, we have seen that the integers v p ( # T K,p ) take infinitely many strictly positive values for huge discriminants.
To compare the two situations one must probably compute some "integrals" when D K varies in some intervals. Whatever the choice of the family K, the sets of real coefficients
are homothetic discrete subsets of R + as v varies, so that the comparison is based on the coefficients v p∞ ( # T K,∞ ) & v p ( # T K,p ), respectively. The following programs compute the means of C v (K) on intervals of discriminants D K , K ∈ K (2) real , for p ∞ and p ≥ 2, but many other means may be interesting: giving obvious heuristics about the behaviour of each mean.
Conclusions
The analysis of the archimedean case, depending on the properties of the complex ζ-function of K, is sufficiently significant to hope the relevance of the p-adic one for which we give some observations, despite the lack of proofs: (a) In the p-adic Conjecture 7.1, the most important term is v p ( # R K,p ), the valuation of the normalized p-adic regulator, the contribution of v p ( # Cℓ K,p ) being probably negligible compared to v p ( # R K,p ) as shown, among other, by classical heuristics [3, 4] , and reinforced by the recent conjectures cited in the § 4.2.3 (ii).
Furthermore, for K fixed, v p ( # Cℓ K,p ) ≥ 1 for finitely many primes p, but the case of v p ( # R K,p ) is an out of reach conjecture [10, Conjecture 8.11 ].
(b) The family of Subsection 4.3 shows that p-adic regulators may tend p-adicallyof Brauer-Siegel-Tsfasman-Vladȗţ theorems, Stéphane Louboutin for references on complex ζ-functions, Thong Nguyen Quang Do for confirming to me the critical role of T K,p ≃ H 2 (G p (K), Z p (0)) * , from the cohomological viewpoint recalled above.
